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Abstract

A central issue for mechanism design is how to identify theoretical environments
that will lead to practically useful insights about optimal mechanisms. For a mecha-
nism to be practically useful, it must be simple enough so that agents can optimize
their behavior. The mechanism must also be portable, in that it also performs well in
environments other than the one it was optimized for. We argue that by focusing on
the informational environments that are the most challenging for designer, will neces-
sarily identify optimal mechanisms that are both simple and portable. We survey a
recent literature that operationalizes this idea, and we compare it to other approaches
in robust mechanism design. Finally, we offer an (adversarial) critique of worst-case
analysis in mechanism design.
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1 A Case for the Worst Case

1.1 The Problem with Mechanism Design

Roger Myerson has told the following story. It was the late 1970s, and Roger was working
revenue maximization in auctions. He had used the revelation principle to reduce the problem
to a linear program, with the distribution of values as a parameter. The question remained:
What do optimal auctions look like, and how do they depend on the value distribution? For
inspiration, Roger took a computational approach. At his request, Northwestern gave him
a $100 budget to buy computer time on a communal mainframe that could run the simplex
algorithm. He coded up (on punch cards) three minimalist examples of the linear program,
with two bidders and two values, and ran them through the number cruncher at 25 cents
a pop.t For the first two simulations, an astonishing result was that private information
seemed to not matter at all for revenue; the seller was able to do just as well as if they knew
the buyers’ values, and there were no private information. But the third simulation was
more challenging for the seller, and private information constrained how much revenue could
be generated. Of course, in the first two programs, the values were correlated, and in the
third they were independently distributed. As they say, the rest is history. Roger developed
a general and complete analysis for independent values. This led to a number of insights
that hugely influenced the subsequent development of mechanism design and auction theory,
including the first-order approach in mechanism design, the revenue equivalence theorem,
and the celebrated result that first- and second-price auctions with reserve prices can be
rationalized as optimal auctions. A correlated example appeared at the end of Roger’s

4

paper, illustrating cases where the theory seemed to lead to a “very strange auction” with
peculiar “side bets,” and with the seller sometimes paying money to the buyers (Myerson,

1981). To this day, economic theorists are still trying to make sense of the correlated case.

!The rest of Roger’s $100 budget remained unspent.



In this article, we adopt a normative perspective on mechanism design. Our purpose is to
solve practical problems related to the allocation of resources under uncertainty. We view the
theory as an engine for discovering designs for institutions that would be effective at shaping
the behavior of real human beings. Two important desiderata, which we return to later in
this introduction, are that: a mechanism has to be sufficiently simple, so that the agents can
understand it and reliably make decisions that advance their own interest; and it has to be
portable, meaning that it will work well in varied environments. As the preceding anecdote
illustrates, there are parametric assumptions under which Bayesian optimal mechanisms are
quite plausible candidates for meeting these criteria. But for other parameters, the optimal
designs seem unintuitive or of doubtful practical usefulness. The anecdote also suggests that,
somehow, whether an optimal mechanism is practically useful is related to how “challenging”
is the environment that rationalizes the mechanism as optimal.

This discussion is, so far, incredibly vague. In the following pages, we review a literature
that has articulated a precise sense in which mechanism design in the most challenging
environments will necessarily lead us to mechanisms that are attractive solutions to practical

mechanism design problems, in that they are necessarily both simple and portable.

1.2 The Worst-Case Approach

Let us expand on what we mean by the “environment.” An essential ingredient in any theory
of mechanism design is the description of the preferences and private information held by
the agents who may interact with the mechanism. In the formal treatment below, as in the
literature, these objects are modeled jointly as an information structure. The information
structure describes everything that every agent knows about preferences and what others
know. It implicitly pins down all the fine details of higher-order beliefs. The independent and
correlated private value models in auction theory are two examples of information structures.

In Bayesian mechanism design, we analyze mechanisms that are optimal for a given infor-

mation structure. As the example of optimal auctions shows, seemingly similar information



structures can rationalize radically different mechanisms as being optimal, some of which
seem quite plausible as candidates for practical implementation while others do not. To
make progress in mechanism design, we have to somehow identify the information structures
that lead us to practically useful designs, while also reconciling the theory with those cases
where the implications of optimality are less compelling.

For the most part, our discipline follows an ad hoc approach to specifying the information
structure, using a combination of intuition, received wisdom, and inspiration from the insti-
tutional context. The profession’s track record of identifying useful information structures
is rather mixed.? The theory that is the subject of this article takes an alternative and more
systematic approach: We first fix certain payoff relevant aspects of the environment that we
think the designer has a good handle on, such as the distribution of ex post preferences of
the agents and the designer. Subject to those constraints on fundamentals, we then derive
an information structure that is the most challenging, in that it induces the lowest possible
payoff for the designer.

“Most challenging” can be interpreted in two complementary ways. It could mean the
environment that is most challenging for a given mechanism, in the sense that it attains the
mechanism’s guarantee: its lowest performance across all information structures and equi-
libria. One way of identifying mechanisms that perform the best in the most challenging
environments is to solve for mechanisms that maximize the guarantee. Alternatively, we
could ask which environments are most challenging for all mechanisms. For a given infor-
mation structure, its potential is the highest performance that can be achieved across all

mechanisms and equilibria. Then, the uniformly most challenging information structures

2For example, a benchmark model of information with interdependent values is the mineral rights model
of Wilson (1977) and the affiliated values model of Milgrom and Weber (1982). But with mineral rights or
strict affiliation, “very strange auctions” are optimal and extract all of the surplus (McAfee, McMillan, and
Reny, 1989; McAfee and Reny, 1992). For another example, in bilateral trade, the benchmark model is one
of independent private values (Myerson and Satterthwaite, 1983). In the exceptional case where values are
uniformly distributed, a double auction is optimal, but otherwise the theory does not yield sharp conclusions
about the form of optimal mechanisms.



are those that minimize the potential. At a very high level, potential minimization is akin to
focusing on information structures with independent types in the optimal auctions problem.?

These two programs, guarantee-maximization and potential-minimization, are dual to
one another in the sense that they reverse the order of choosing the mechanism and the
information structure. An important complication is that equilibrium selection also flips

between the two programs (designer-best for potential and designer-worst for guarantee).

1.3 What We Know So Far

A key finding of the literature is that guarantee-maximizing mechanisms and potential-
minimizing information structures have a very particular structure. In fact, there always exist
potential-minimizing information structures that resemble the regular independent private
value model from optimal auctions in fundamental ways. Each agent’s private information
can be ordered in a manner that we interpret to as a “degree of opposition” to the designer.
The significance of this order is in how it relates to subset of equilibrium and participation
constraints that pin down the min potential: the most opposed type has to be willing to
participate, and every other type has to not want to mimic the type that is slightly more
opposed. In reference to the similarity with independent private values, we refer to such
information structures as reqular.*

Analogously, there always exist guarantee-maximizing mechanisms with structure that
mirrors that of the potential-minimizing information. Actions can always be ordered in
a manner that we interpret as a “degree of participation,” and the constraints that pin
down the max guarantee are that: the least participatory action is always better than non-

participation (a condition termed participation security); and whatever action an agent is

3 As we review below, independence of types emerges naturally as a feature of potential-minimizing infor-
mation structures in optimal auctions. Private values, on the other hand, do not naturally emerge from the
baseline model. In Section 5, we will describe a richer model, where agents are assumed to know at least
their own values. In this case, the independent private value model is indeed a potential minimizer, but the
correlated private value model is not.

4In private-value auctions, the types are identified with private values values, and most opposed type
corresponds to that with with the lowest possible value. But in general, the types in the potential minimizer
are abstract, and the order has meaning only in terms of the pattern of relevant equilibrium constraints.



taking, they do not want to deviate to slightly higher participation. In a reuse of terminology,
we also refer to such mechanisms as being regular. Thus, a fundamental result is that there
always exist potential minimizers and guarantee maximizers that are regular.

Regularity concerns the structure of incentives, but it does not pin down the functional
forms of potential minimizers and guarantee maximizers, which depend on the assumed
distribution of ex post preferences. As we explain below, because of regularity, the dual
programs of guarantee-maximization and potential-minimization reduce to linear programs.
These programs have been solved in closed form for a number of design problems, including
optimal auctions, public goods provision, and bilateral trade. The novel solutions include
proportional auctions, compound proportional auctions, market order mechanisms, propor-
tional cost-sharing mechanisms, and proportional-price trading mechanisms. The functional
forms of guarantee maximizers are broadly consistent with the interpretation of the action
as a degree of participation. For example, in a proportional auction, higher actions are
associated with higher allocations and higher payments. And in proportional-price trading
mechanisms, higher actions lead to higher probability of trade but on worse terms. In the
potential minimizers, higher types are associated with higher values for the good in the case
of optimal auctions, or greater value from trade in the case of bilateral trade, consistent with
our interpretation of the types as a degree of opposition to the designer.

Finally, while it is not always the case, for many specifications—including all optimal
auctions problems—there is no duality gap: min potential is exactly equal to max guarantee.
Thus, potential-minimizing information structures rationalize guarantee-maximizing mech-
anisms as optimal. This is valuable for certifying that we have found solutions, and it also

sheds light on which environments guarantee maximizers are implicitly guarding against.



1.4 Simplicity, Portability, and Practical Mechanism Design

Why is all of this relevant for “practical mechanism design”? This comes back to the two
qualities that a mechanism must have for it to be practically useful: simplicity and porta-
bility. We will explain each of these in turn.

Starting with portability: For the most part, mechanisms should be viewed as long-lived
institutions. After all, it may take considerable resources to establish infrastructure for
implementing the mechanism, to persuade the agents to participate, and also for the agents
to converge on optimal behavior. Indeed, the fact that it is costly to change the mechanism is
the very source of the mechanism designer’s commitment power. An effective design should
therefore perform well even as the environment varies across space and across time. This is
what we mean when we say that a practically useful mechanism has to be portable.

Returning to the motivating example of auctions, part of the appeal of the independent
private value model as a normative theory is that the mechanisms that it rationalizes as
optimal—first- and second-price auctions with reserve prices—also perform reasonably well
in other environments, and even in the presence of correlation or interdependence in values.?
By contrast, the bets in the “very strange auctions” that are optimal under correlated values
depend on the precise probabilistic assessments held by the agents about one another’s
values. Under different beliefs, reporting values truthfully may no longer an equilibrium.
What would the new equilibrium be, and how would the auction perform? We are not aware
of any sharp results on this question, but it is reasonable to fear the worst: The optimal bets
can involve large payments to or from the bidders, and under alternative beliefs, it could be
that the bidders would either not want to participate or that they would participate but the

auction would run a deficit.

°See, e.g., Milgrom and Weber (1982) and Bergemann, Brooks, and Morris (2017, 2019). The independent
private model has also been praised as a positive theory of why first-price and English auctions are commonly
used. As far as we know, the guarantee maximizers that have been identified in the literature have not been
implemented in practice.



Now, to a game theorist, there is a seductive argument that portability can always be
obtained for free, in the following manner. Suppose the designer is unsure whether the infor-
mation structure is of type A or B, but an implicit assumption is that the true information
structure is common knowledge among the agents. Why not build a bigger mechanism where
the agents simply report whether the information structure is A or B and then also report
their corresponding types? (And of course, to enforce truthful reporting, we can punish
them if their statements are inconsistent.) With such a mechanism, it does not matter if
the information structure is unknown to the designer; it will be discovered “online” through
the agents’ behavior. In fact, why not pursue this idea to its logical conclusion, and build
a grand mechanism on a information structure that contains all of the myriad possibilities
within it, such as the universal type space of Mertens and Zamir (1985)7 Surely the resulting
mechanism will be as portable as we could ever want!

In normative mechanism design, the outcomes, actions, and the rules of the mechanism
have a very literal interpretation: they are features of the institution that the designer will
ultimately construct. That is not to say that the ability to implement a mechanism can be
taken for granted, and indeed, to put the mechanism into practice, one may have to overcome
challenges related to computation, commitment power, and so on. But suppose it is possible
to build such a grand mechanism as suggested in the previous paragraph, for an auction say.
The bidder walks into the office and sits down at the desk. The designer explains: “Look,
all you have to do is tell me what you believe about the values, what you believe about
what others believe, what you believe others believe about what others believe, and so on.
I have already carefully crafted allocations and payments that make truthful reporting the
best thing for you. It’s fine if you want to just name an information structure and your type,
and I'll compute all those beliefs for you. And don’t worry, I'm explaining this to the others,
and I'm sure they will report truthfully as well.” No doubt, the expression on the hapless

bidder’s face is somewhere between vacant confusion and twisted horror.



Drama aside, our point is the following. The information structure is an artifice that, to-
gether with Nash equilibrium, reflects forces towards common knowledge and best responses
that we think genuinely exist in our world. As a benchmark, these assumptions discipline our
reasoning about the performance of a mechanism under different scenarios. But, in contrast
to the mechanism, an information structure and equilibrium are at best a loose metaphor
for the way that real human beings incorporate private information into their behavior. We
must be wary not to take the abstraction too seriously, lest it lead us to mechanisms that are
so complex, in language and in intended mode of interaction, that real human beings would
be unable to reason through the mechanism’s rules and relate their possible choices to their
private experience. If that were to happen, then our carefully crafted incentive structures
would utterly fail in their intended purpose of shaping behavior.

Thus, for mechanisms to be useful, they have to be relatively simple, so that agents can
understand the rules and discover how to advance their self interest.® Returning to optimal
auctions, therein lies the dilemma with the correlated-value information structure: For the
mechanisms that it rationalizes as optimal, there is no way to resolve the tension between
simplicity and portability. If we model a rich set of possible beliefs, the mechanism will be
too complex for agents to reliably play it in a manner that resembles equilibrium. But if our
model of beliefs is too specialized, then we lose portability.

Returning now to guarantee maximization: Of course, we do not know how to quantify
simplicity and portability in a satisfactory manner. If we did, we would just build those
desiderata into the designer’s objective function, or add simplicity and portability constraints
on which mechanisms are feasible. Nonetheless, the literature has shown that guarantee-
maximizing mechanisms are necessarily both simple and portable.

Simplicity is in the sense of regularity: Guarantee maximizing mechanisms are built like a

ladder, where the rungs are the actions, the lowest rung secures participation, and incentives

6Could it be a good thing for the designer if the agents do not know how to optimize? If that were
the case, it is hard to predict what they might do. But a reasonable concern is that it would undermine
confidence in the mechanism, to the extent that agents might refuse to participate altogether.



are engineered so that in equilibrium the agents are pressured to move upwards one rung
at a time. Endogenously, this pressure to move upwards is efficacious because the outcome
induced by higher actions is more favorable to the designer. In fact, since the arguments
underlying the guarantee only depend on local equilibrium constraints, the guarantee will
hold as long as the agents are local optimizers.”

Why would this relatively simple incentive structure emerge endogenously from focusing
on the most challenging environments? When there is no duality gap, guarantee maximizing
mechanisms are guarding against the potential-minimizing information structures, which are
also simple in the sense of regularity: types are ordered, participation binds for a lowest type,
and the relevant incentive constraints point from each type to the next lower one.® But why
should potential minimizers be regular?

If there were no participation constraints, then the worst-case information is straight-
forward: the potential is minimized when the agents have no information at all, and the
designer can do no better than the ex ante optimal outcome. But with participation con-
straints, the ex ante optimum may be worse than not participating for some agent and in
some state of the world. Informing the agents of when that happens enables them to object
to the mechanism and therefore constrains the designer. But information does not only
serve to inform the agents of when they would want to object; it also informs them of how
they can manipulate the mechanism to their advantage, by behaving as if they had differ-
ent information. This threat of manipulation can force the designer to distort the outcome
towards what would appease the agent in those states of the world when they are most op-
posed. Regular information structures represent the most potent way to lever up objections

through manipulation in order to constrain the designer, because any gains from tailoring

"This notion of simplicity concerns the structure of incentives, rather than the functional form of the
mapping between actions and outcomes. In the examples that have been solved, the simplicity in the incentive
structure seems to translate into simple functional forms for the guarantee-maximizing mechanisms, though
this need not always be the case.

8As we explain below, there is also a possibility of a single type for each agent that has no binding
truthtelling or participation constraints whatsoever. Such a type cannot arise in an environment with
revenue maximization as the objective and transferable utility (Brooks and Du, 2025).
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the mechanism’s outcome to manage one type’s capacity for objection or manipulation are
offset by greater exposure to manipulation by another type. This is the threat that regular
mechanisms are designed to guard against.

But what about portability? There are many ways in which one could evaluate how a
mechanism’s performance varies across information structures and equilibria, and we will
discuss alternative viewpoints later in the article. But one natural measure of portability is
the amount by which a mechanism might underperform, relative to what it achieves in the
benchmark environment in which it is optimal. When max guarantee equals min potential,
the guarantee maximizer is optimal at the potential minimizer and its optimal performance
is the max guarantee. Hence, the guarantee maximizer can never underperform relative
to this benchmark. It is in that sense that guarantee maximizers are the most portable
mechanisms.

This concludes our introduction. We next describe the general theory and the main
results outlined in the preceding paragraphs. We will also show how the theory can be oper-
ationalized with two examples: common value auctions and bilateral trade. After expositing
the theory, we will compare it with other approaches to robust mechanism design. The last
section of the article is a critique and a discussion of what we see as the most promising

avenues for further development of the theory.

2 A Model of Mechanism Design

There is a finite number of agents, indexed by ¢ = 1,..., N. There is also a mechanism
designer who controls an outcome w € ). The agents and the designer have state-dependent
expected utility preferences over outcomes, where the state is 8 € O, and the utility index is

u;(w, ) for agent i and w(w, @) for the designer.
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For most of the formal results we describe in this survey, we will suppose that the states,
outcomes, and other sets we introduce are finite, but for informal results and applications
we will allow infinite sets. We return to this issue after presenting the rest of the model.

The designer builds a mechanism by which the outcome will be determined. The mech-
anism consists of, for each agent i, a set A; of actions that can be taken in the mechanism,
and a mapping m that associates to each profile of actions a = (aq, ...,ay) and outcome w
a likelihood m(w|a) that the given outcome will be implemented. The entire mechanism is
denoted by M = (A, m), where A = Ay x --- x Ay is the set of action profiles. Note that
actions are themselves payoff irrelevant, but the agents and the designer care about how
actions influence the outcome. Let M be the set of mechanisms.

Given a mechanism M, an action a; is secure if Y, w;(w, 8)m(w|a;, a_;) = 0 for every 6
and a_;. A mechanism is participation secure if each agent has a secure action. Let M? be
the set of participation-secure mechanisms, which we assume is non-empty.

The purpose of the mechanism is to incorporate the agents’ private information about
0 into the choice of outcome w. This private information is described by an information
structure, which consists a set of possible signals S; for each agent ¢, and a joint distribution
o€ A(Sx0), where S = S; x ---x Sy is the set of signal profiles. An information structure
is formally equivalent to a common prior type space in the sense of Harsanyi (1967). We may
refer to agent ¢ with signal s; as being a “type” of the agent (as we did in the introduction).

For most of the theory, we hold fixed the marginal distribution on ©, denoted by u €
A(O). Thus, the Knightian uncertainty of the designer is only about the agents’ information
and not about payoff-relevant fundamentals. Let Z be the set of information structures for
which the marginal of ¢ on 6 is u. In Section 4, we discuss the natural extension with
Knightian uncertainty about p as well.

Given a mechanism and an information structure, a (behavioral) strategy for agent i

associates to each signal s; and action a; a likelihood b;(a;|s;). A strategy profile b =
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(b1, ...,by) is identified with the mapping from signal profiles to lotteries over action profiles
blals) =TT, bi(ails:).
Given a mechanism M, an information structure I, and a strategy profile b, the ex ante

expected utility for agent ¢ and the designer are respectively

Ui(M,1,b) = Z ui(w, 0)m(w|a)bla|s)o(s,d);

a,s,0,w
W(M,Ib)= > ww,0,w)m(wla)b(als)o(s,0).
a,s,0,w
Finally, b is a (Bayes Nash) equilibrium if U;(M,I,b) is greater than U;(M, I, (b,b_;)) for
every agent ¢ and alternative strategy b;. Let £(M,I) denote the set of equilibria, which is
non-empty as action and signal sets are finite. We further denote by £°(M, I) the subset of

equilibria for which

Y, wilw, f)m(wla)b(als)o(si s-i,6) = 0
a,s_;,0,w
for all ¢+ and s;, i.e., those equilibria that satisfy interim participation constraints.
Given an information structure I, its potential P(I) is the highest payoff the designer

can achieve across all mechanisms and equilibria that satisfy interim participation:

P(I)= sup sup W(M,I,b).
MeM begO(M, 1)

We denote the infimum potential across all information structures by P* = infezr P(I). An
information structure that attains the infimum is a potential minimizer.

Given a mechanism M, its guarantee G(M) is the lowest payoff for the designer across
all information structures and equilibria:

G(M)=inf inf W(M,I,b).
I€eT beE(M,I)

13



We denote the highest possible guarantee over participation-secure mechanisms as G* =
supen G(M). A mechanism that attains the supremum is a guarantee mazimizer.

We have modeled participation constraints in two different ways: In defining the po-
tential, we have used a standard interim participation constraint, whereas in defining the
guarantee we have imposed participation security on the mechanism. If M is participation
secure, then for any I, any equilibrium of (M, I) must satisfy interim participation con-
straints. If not, then some type of some agent could profitably deviate to a secure action.
Thus, agents are always willing to participate in a participation secure mechanism, regardless
of the information structure.”

An elementary observation is that G(M) < P(I) for any participation-secure mechanism
M and information structure I. The reason is that (M, ) has an equilibrium b that sat-
isfies interim participation constraints, and hence G(M) < W (M, 1,b) < P(I). It follows
immediately that G* < P*. If G* < P*, there is a duality gap. The theory is especially
powerful when there is no duality gap, so that max guarantee equals min potential. In this
case, the potential-minimizing information structures certify that the guarantee-maximizing
mechanisms are unimprovable, and vice versa.

An especially strong type of solution is a saddle point: a pair (M, I) for which G(M) =
P(I). For such a pair, M is necessarily a guarantee maximizer (since no mechanism can
have a guarantee higher than P(I)), and I is necessarily a potential-minimizing information

structure (since no information structure can have a potential less than G(M)).!°

9We discuss relaxing participation security in Section 5. We also show via an example that participation
security of M can be more restrictive than the condition that £°(M, I) is non-empty for every I.

10We cannot appeal to a minimax theorem for the existence of a saddle point, for at least three reasons:
First, given a pair (M, I), we use the worst equilibrium for the designer when computing the guarantee and
the best equilibrium when computing the potential. Thus, the game between maximizer and minimizer is
not actually zero-sum. Second, even if we fix an equilibrium selection rule, we do not know of any linear
or convex structure on equilibrium welfare that would allow us to apply the standard minimax theorems.
Third, with the restriction to finite mechanisms and information structures, P* and G* may only be attained
in the limit as the number of actions and signals goes to infinity. Nonetheless, in the next section we will
describe sufficient conditions for P* = G™*, in which case approximate saddle points always exist, meaning
that for arbitrarily small €, we can find a pair (M, I) with P(I) > G(M) —e.
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The restriction to finite mechanisms is both conceptually beneficial and analytically con-
venient. On the conceptual side, if the mechanism is infinite, then there could be information
structures and strategy profiles for which best responses do not exist. This is more than a
technical concern; an infinite mechanism’s guarantee might hold only vacuously, because no
equilibria exist on any information structures. Indeed, we will confront this issue directly
in the optimal auctions application that we describe below. Even if equilibria do exist for
some information structures, the guarantee might be implausibly high because equilibria do
not exist on information structures with low potential that would be especially challenging
for finite mechanisms.!' Our view is that if a mechanism’s guarantee can not be approached
with a sequence of finite mechanisms, then both the guarantee and the incentive structure
underlying it are suspect. Note that for a finite mechanism M, in computing G(M) it is
without loss to take the infimum over finite information structures, due to the revelation
principle, so that a finite mechanism’s guarantee holds also for infinite information struc-
tures. Thus, the substantive assumption is that the mechanism is finite. On the analytical
side, finiteness allows us to apply the powerful and elementary theory of finite dimensional
linear programming for the main results.!?

Even so, in order to obtain exact saddle points, it may be necessary to allow infinite
mechanisms and infinite information structures. It is straightforward to generalize the defi-
nitions of mechanisms and information structures so that each A; and S; is a measurable set
and strategies are probability transition kernels. The definitions of Bayes Nash equilibrium,
guarantees, and potentials also generalize in the obvious way. This is the approach adopted

in Brooks and Du (2021b), and which we informally describe in the examples below.

1 This issue is related to critiques of results on full implementation using integer games that exploit
non-existence of best responses. See Jackson (1992) and Abreu and Matsushima (1992b) for provocative
discussion of these issues.

12We do not object to infinite information structures on conceptual grounds. Rather, the restriction
to finite information structures is more for analytical convenience, and to parallel the finiteness of the
mechanisms for which we compute guarantees.
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3 Informationally Robust Optimal Mechanism Design

We now survey the key results in the literature. We begin with the general theory on
the structure of guarantee-maximizing mechanisms and potential-minimizing information
structures. We will then present two examples for which we explicitly construct saddle

points: revenue guarantees in auctions and total welfare guarantees in bilateral trade.

3.1 The Lagrangian Formulation

Following Brooks and Du (2024), to understand the relationship between the min potential
and max guarantee programs, we first invoke the revelation principle to rewrite them as
trilinear saddle point problems. Specifically, to calculate the potential of a finite information
structure I = (S, 0), it is without loss to maximize over direct revelation mechanisms on
I that are incentive compatible and individually rational (Myerson, 1981). In Lagrangian

form, this is

LP(S,o0,m,a, 5) = Z w(w, )m(w|s)o(s,0)

+ Z D ailsisi)ui(w, 0) (m(w|s) — m(wls), s—i))o (s, 0) (1)
+Z Z Bi(si)ui(w, )ym(w|s)o(s,H).

The first line in (1) contains the objective that the designer wants to maximize over direct
revelation mechanisms m : S — A(Q); the second line contains the incentive compatibility
(IC) constraints (with multipliers a;(s}|s;) = 0) where agent ¢ with signal s; does not want
to misreport s}; and the third line contains the individual rationality (IR) constraints (with
multipliers 3;(s;) = 0) where given signal s;, agent i’s expected utility from truthful reporting
is non-negative. By the Lagrange multiplier theorem, we have

P(S,0) = LP(S,
(S,0) aff)%%mﬁafm) (S,0,m,a, ),
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where minimization over o and 3 determines the binding IC and IR constraints.
Analogously, to calculate the guarantee of a finite mechanism M = (A, m), we apply
another revelation principle: it is without loss to minimize over Bayes correlated equilibria
(BCE) on M (Bergemann and Morris, 2016), which are direct recommendation information
structures, in which each agent’s signal is a “suggested” action from a metaphorical mediator,
and it is an equilibrium for the agents to obey their recommendations. The corresponding

Lagrangian is:

LI(A,m,o,a) = Z w(w, @)m(wla)o(a,d)

a,f

= ailaf]an)us(w, ) (m(wla)o(a, 0) — m(w|aj, a_;))o(a, 6).

i,al a,l0,w

The first line contains the designer’s objective and the second line contains the obedience
constraints (with multipliers a;(a}|a;) = 0) where agent ¢ when recommended to play a; does

not want to deviate to a;. We have

G(A, m) = max min LI(A,m,o,q),
az0 ceA(AxO):margg o=p

where maximization over a determines the binding obedience constraints.

In summary, the minimum potential is given by

inf P(I) = inf i LP 2
if P(I) = Jnf min =~ max LS 0map), 2)

and the maximum guarantee is given by

G(M) = i LI(A . 3
b, GUD = D e et eggrmy D AT @)

We note that the programs (2) and (3) are trilinear, since o, m and a are multiplied

together in LP and LY. Moreover, while the two Lagrangians contain similar terms for
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the designer’s objective and the truthtelling/obedience constraints, the latter appear with

opposite signs in the two Lagrangians.

3.2 Dual Reductions

An important insight into the structure of the solutions to (2) and (3) comes from Brooks
and Du (2025), who show that it is without loss to restrict attention to specific patterns of
binding constraints and values for the Lagrange multipliers. This is proved using a “dual
reduction” procedure, inspired by Myerson (1997), that operates jointly on the multipliers
and the mechanism or information structure.

Let us illustrate how dual reduction works for the guarantee maximization problem. Fix a
participation-secure mechanism M = (A, m) and multipliers «;(a}|a;) for L9, not necessarily
optimal. Since LY is not affected by the value of a;(a;|a;), we can without loss of generality

assume that there is a large C' > 0 such that
Zai(aﬂai) =C=>0

for every a; € A;. Brooks and Du (2025) call this C' a deviation flow.
Dual reduction produces a new (reduced) mechanism M and new multipliers @ for which

min LI(X,m,0,a(C)) = min LI(A,m,o,aq). (4)
GEA(X xO)margg o=p 0€A(AXO):margg o=p

Here is how the construction works. The actions in the reduced mechanism are non-negative
integers X; = {0,1,2,...}, where each integer x; > 0 is associated with a particular mixed
strategy in the original mechanism M, which we denote by b;(-|x;). When agent i plays the

action x; = 0, the mixture puts probability one on an action 0 € A; that is secure in M, that
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is, b;(0/0) = 1. The remaining mixtures are defined recursively according to

@@m+nzzﬁ%ﬁ%@m)

I
a;

The reduced mechanism is M = (X,m), where X =[], X;, and for each w e Q and z € X,

@w@=ZmM@HMMM-

Thus, in the reduced mechanism, agents choose mixtures in M, actions are drawn indepen-
dently, and then M is run. Finally, the new multipliers are

C ifxl=ux;+1;

7

a;(C)(zf]z;) = (5)

1

Now, for any 6 € A(X x0), we can define 0 € A(AxO) such that o(a,0) =, 5(z,0) | [, bi(a;|z;);
by a straightforward calculation, LI(X,m,,a(C)) = LY(A, m, o, «), which proves (4).

In effect, the multipliers « represent a particular pattern of deviations, where a;(a}|a;)
is proportional to a likelihood of deviating from a; to a;. Every such pattern of deviations
implies a lower bound on the guarantee. The dual reduction simultaneously limits what
agents can do in the mechanism (by restricting them to mixtures in the original mechanism)
while also preserving the ability for the agents to deviate proportional to a (by switching
from x; to x; + 1), so that the implied lower bound on the guarantee can only go up.

While M is not a finite mechanism, we can restrict actions to X (k) =11, Xi(k), where
Xi(k) = {0,1,...,k}. Denoting this restriction as m” and using the same multiplier as in

(5), Brooks and Du (2025) show that

lim min LI(X (k),m" 5,8) = min LI(X,m,o,a(C)).
k—00 geA(X (k) xO):margg o=u 0eA(X xO):margg o=u
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We conclude that the max guarantee may be computed using multipliers of the form (5):

sup G(M) = su su min LI(X(k),m,o, a(C)). 6
Me/ao ( ) k}(Ij)(X(k)va;EMOUEA(X(k)X@):marg®(f=,u ( ( ) ( )) ( )

What this result means is that in solving for guarantee maximizers, it is without loss
to restrict attention to mechanisms in which the actions can be ordered (as non-negative
integers), the lowest action is secure, and the binding equilibrium constraints are those
associated with deviating from an action to its successor in the sequence. We may interpret
the actions as a degree of participation, where the secure action 0 represents a minimal
level of participation that is just better than non-participation. The multipliers & show that
the constraints that matter are those associated with slightly increasing one’s participation.
Moreover, it is without loss to take the Lagrange multiplier on the binding local obedience
constraints to be constant.!?

A guarantee maximizer that solves the program on the right-hand side of (6) is regular, in
the sense described in the introduction: Actions are ordered, the lowest actions are secure,
and the guarantee is implied by local “upward” equilibrium constraints. Of course, the
optimal value of (6) may only be attained in the limit as k — oo, in which case the optimal
value can be approximated with finite mechanisms that are approximately regular, in the
sense that minimum welfare subject to local upward constraints can be made arbitrarily

close to the guarantee.

There is an analogous dual reduction for information structures that shows it is without

loss to use a signal space X;(k) = {0,1,...,k} U {00} for some k, and multipliers
. / C ifa=2,-1; _ C ifx;=0;
@i (C)(j|z:) = Ai(C) (i) = (7)
0 ifal#a;—1, 0 ifz;#0.

13Tt is important to note that the constant local multiplier may not be the optimal dual solution to the
linear program for the dual reduction. Nonetheless, this choice of obedience multipliers in (5) gives a lower
bound on the guarantee that is still higher than that of the original mechanism.
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By convention, co —1 = o0, so we are ignoring the IC (and IR) constraint of the type x; = c0.

Brooks and Du (2025) prove that

inf P(I) =inf inf “max  LP(X(k),o,m,a(C), B(C)). (8)
IeT k,C (X (k),0)e m:X (k)—A(Q)

Given an information structure I and multipliers («, [3), the construction of the dual reduc-
tion [ proceeds somewhat differently: Each multiplier is still proportional to a likelihood
of deviating, where «;(s}|s;) corresponds to mimicking s; when the true signal is s;, and
Bi(s;) corresponds to objecting and leaving the mechanism entirely. Now imagine drawing
(s,0) from I, and then propagating these stochastic mimickings and departures. Either an
agent leaves the mechanism in finite time, or they never leave. In the dual reduction, agents
simply observe how long it took them to leave the mechanism (or if they never left). Thus,
the signal in the dual reduction is a garbling of the signal in the original mechanism. Brooks
and Du (2025) show that in the dual reduction, the deviations in which signal z; > 0 mimics
the signal z; — 1 (or leaves if x; = 0) replicate the stochastic deviation («, ) in the orig-
inal information structure. But fewer outcomes are feasible for the dual reduction, since
the mechanism can only depend on the departure time, not the original signals. Moreover,
the effect on the potential is negligible if we pool together all finite departure times above
a sufficiently large threshold, so that the dual reduction can be approximated with finite
information structures.!*

Brooks and Du (2025) refer to an information structure for which this pattern of binding
constraints is optimal as regular: the ordered signal is interpreted as a degree of opposition
to the designer, and the binding constraint is that agents might want to slightly overstate

their opposition, or to leave the mechanism if they have the strongest opposition. This is the

1For an extreme example of dual reduction of information, consider the correlated private value model
in which full surplus extraction is possible. In this case, no incentive constraints bind, and every type has a
binding interim participation constraint. Thus, in the associated Markov chain, all agents leave immediately,
so that in the dual reduction, the agents have no information. Surely, optimal revenue under no information
is weakly less than the full surplus, and strictly so if the values are not common, since it will be infeasible
to allocate the good efficiently if there is no information.
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result to which we referred in the introduction, when we asserted that potential minimizers

would necessarily be simple in the sense of regularity.!?

3.3 The Bounding Programs

Thus, it is without loss to restrict attention to the simple pattern of equilibrium constraints
according to (5) and (7), where all of the non-zero multipliers have the same value. As we
noted above, the multiplier C' on local obedience/truthtelling constraints can always be made
larger. In the context of the dual reduction of a mechanism, this can also be interpreted as
making the actions more similar to each other, since the rate of switching actions in original
mechanism is inversely proportional to C'.

For that reason, it is natural to label the actions so that as the multiplier C' becomes
larger, the actions are closer together. This is the approach in Brooks and Du (2024),
who consider a signal/action space S; = A; = X;(k?), where X;(k?) is now labeled as
Xi(k*) = {0,1/k,2/k, ... k}. As k — oo, X;(k?*) “fills in” all of R, the non-negative real
numbers.'® Since the space between consecutive signal/action in X;(k?) is 1/k, we consider
C =k in (5) and (7), so the Lagrangians L? and LY involve discrete derivatives of m and
o. Loosely speaking, as k — oo, these discrete derivatives approximate derivatives of the
respective limit mechanism or information structure.

Substituting (5) and (7) with C' = k into L? and L9 yields:

LP(X(KY),0,m, k) = LP(X (k?), 0, m, a(k), B(k))

= ww, Omwlr)o(z,0) + > > wilw, )V m(w|z)o(x, ),

z,0,w i x,0,w

15 As with mechanisms, the regularity of potential minimizers may only be approximate, if the solution to
the right-hand side of (8) is only attained in the limit as k goes to infinity. See Brooks and Du (2025) for a
more detailed discussion.

For simplicity of exposition, we have omitted the special signal realization for which all constraints are
slack. As shown by Brooks and Du (2021b, 2024), dual reduction will never assign positive probability to
the infinite signal in optimal auctions, although it can arise for certain formulations of the public good and
bilateral trade problems described in Brooks and Du (2023).
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LI(X(K*),0,m, k) = LY(X(k*),0,m,a(k))

= Z w(w, @)m(w|z)o(z, ) —i—Z Z ui(w, )Vim(wlx)o(z, ),

z,0,w i x,0w

where for a function f: X (k?) — R, we define the discrete derivatives

Vi fx) = 5
k’f([[‘l, I'_Z‘) if €T; = O,
Vi () =+

Thus, the difference in directions in @ and & aligns the signs on incentive terms in L? and LY
and results in similar-looking Lagrangians, albeit with the distinction of left-hand vs. right-
hand derivatives. The two Lagrangians LF(X (k?), 0, m, k) and L9(X (k?*), o, m, k) should be
close to each other if % is large and m and o converge to differentiable functions of z.'7
Since they are obtained by restricting the problems (2) and (3), LP(X (k?), 0, m, k) and
LI(X (k*),0,m, k) yield upper and lower bounds on the potential and guarantee, respectively:
P(X(k*),0) = B LP(X(K?),0,m, k) = P(X(K?),0)

G(X(k*),m) = min LI(X(k*),0,m, k) < G(X(K?*),m),

ceA(X (k2)xO)margg o=p

Optimizing over ¢ and m, respectively, yields the following bounding programs:

P(X (k) = min P(X(k?),0), 9)

ceA(X (k?)xO):margg =4

GX() = max | GOX(R),m).st: Y, O)m(wl0,a ) > 0¥iba i, (10

17This statement is made precise in Proposition 6 of Brooks and Du (2024).
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with

G(X(K*) < sup G(M) =G* < P* =inf P(I) < P(X(K?)).

MeMO TeT

The result described in the previous section on dual reductions shows that as k goes to
infinity, G(X (k?)) converges to G* and P(X (k?)) converges to P*. Moreover, solutions to
the bounding program (9) are approximate potential minimizers, in that the potential of the
solution converges to P* as k — co. Similarly, the guarantee of the solution to (10) converges
to G* as k — co. An important remaining question, though, is whether G* = P*, that is,
whether or not there is a duality gap.

Brooks and Du (2024) show, for a class of problems involving revenue maximization in
multi-good auctions, that as k becomes large, the value of the bounding programs must
be close to one another. This proves that for those problems, the duality gap is zero. To
gain some intuition into this result, observe that LP(X (k?),0,m, k) and LI(X (k?),0,m,k)
are bi-linear functions of ¢ and m, which live in compact and convex spaces. Therefore, if
LP(X(k?),0,m, k) and LI(X (k?),0,m, k) are close to each other when k is large, then Sion’s
minimax theorem would allow us to switch max and min and would imply that P(X (k?))
and G(X (k?)) must be close to each other.

Returning to the general case, we can rewrite the objective in (10) as
LY(X(K*),m,0,k) = Y Az, 0)o(,0),
x,0
where

Az, 0) =D wlw,)m(wlz) + > > uwi(w,0)Vm(wl). (11)

T w
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We call A(z, 0) the strategic virtual objective (SVO) for the mechanism (X (k?), m). We have:

G(X(k*),m) = min LY(X (K*),0,m, k) Z,u mln)\ (x,0). (12)

0eA(X (k)xO):margg o=p

Thus, a mechanism maximizes the guarantee if it maximizes the expected (across states)
lowest (across action profiles) strategic virtual objective. In effect, the strategic virtual
objective represents the designer’s objective, plus extra terms capturing the agents local
incentives to increase participation.

Likewise, using summation by parts, we have
LP(X(K*),0,m, k) ny z,w)m(wlx),

where
@) = Yl 0)o(r.0) — 73 (e, 0)VF (e, 0) (13
0 i 0
and for a function f: X (k?) —» R,
—kf(zix_y) if x; = k;

Vif@) =
E(f(x; + 1k, ;) — f(z,2y)) fx <k

We refer to vy(z,w) as the informational virtual objective (IVO). Thus,

P(X(k*),0) = e, LP(X(K?),0,m, k) = )] max Y (z, ). (14)

An information structure minimizes the potential if it minimizes the expected (across action
profiles) maximum (across outcomes) informational virtual objective. In effect, the infor-
mational virtual objective is the designer’s objective, plus additional terms representing the

agents’ local incentives to overrepresent their opposition.
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The SVO and the IVO play central roles in the engineering of saddle points, as we will
see in the applications. While the strategic virtual objective is a relatively new concept, the
informational virtual objective is in fact a generalization of the virtual value introduced in

Myerson (1981). We return to this in the auctions example.

3.4 Saddle Points

Heretofore, we have maintained finiteness of mechanisms and information structures. But as
we transition to examples, it will be more convenient to work with the continuum analogues
of the programs P(X (k?), o) and G(X (k?),m), so that the max guarantee and min potential
may be attained exactly. In the limit, the discrete derivatives in the bounding programs
would become directional derivatives. By working with the differential form of the bounding
program, we can avail ourselves of the calculus to characterize solutions.

All of this sounds quite loose. However, there is an entirely rigorous way to approach this
issue. Suppose we have a candidate saddle point (M, I), where the action space and signal
space are R, (but still taking © and € to be finite). Suppose further that the candidate
M = (RY,m) is such that V;m(w|z) exists for all i and x, where V; = d/0x;. Then, a
necessary condition for equilibrium is that local upward obedience constraints are satisfied.

Weak duality then implies a lower bound on the guarantee of the mechanism M:

G(M) = G(M) =) u(0) inf A(z, 0)

where (cf. equation (11))

Az, 0) = Zw(u}, O)ym(w|z) + ZZui(w, O)V.m(w|z).

Similarly, suppose I is such that the joint distribution over (z, 6) is absolutely continuous in
x, so that we may write it as o(z,0)dx. Suppose further that o(z, ) is differentiable in z;

for all 8. Then, as local downward truthtelling constraints and participation for the lowest
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type are necessary conditions for equilibrium, weak duality implies that
P(I) < P(I) = J max y(x,w)dx,
where (cf. equation (13))

v(z,w) = Zw(w, 0)o(x,0) — ZZui(w, \V,o(z,0).

Thus, one way to certify that (M, I) is in fact a saddle point would be to show that

Z,u(@) ir;f)\(x,é) = J mwaX'y(:E,w)d;B.

This is the approach in Brooks and Du (2021a,b, 2023) and Brooks, Du, and Feffer (2025).

We can describe this approach to solving for maximum guarantees problem as “guess
and verify,” which can succeed only if a saddle point exists and there is no duality gap. This
is to be contrasted with the more systematic method using the bounding linear programs,
whose solutions necessarily converge to the respective optimal values, whether or not there
is a duality gap and whether or not there are saddle points.

Nonetheless, for problems in auctions, public goods, and bilateral trade, the guess and
verify approach has yielded results. The key step is to generate informed guesses for the
saddle point (M, I), which may then be verified via weak duality. One way to do so is to
utilize the bounding programs (9) and (10), which are finite dimensional linear programs
(cf. equations (12) and (14)).'® As in Roger Myerson’s anecdote from the beginning of this
article, numerical solutions of (9) and (10) can be used to generate and test conjectures and

to infer functional forms in the continuum limit.

18To convert (10) into a linear program, one can introduce auxiliary variables A(f) € R for each 6, and
add linear constraints of the form A(6,a) < A(6) for all a,0. Maximizing >}, A(f) over A(-) and m(:|-) that
are feasible for (10) and these additional constraints is a finite linear program whose value is the same as
(10) and whose optimal m is a solution to (10). A similar approach can be taken to convert (9) into a linear
program.
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Another way to guess saddle points is using linear programming duality. As argued in
Brooks and Du (2024), the bounding programs (9) and (10) are an “approximate” dual
pair, except that they differ in the direction of equilibrium constraints and the form of the
participation constraint. In this dual pairing, the likelihood m(w|z) plays the role of a
Lagrange multiplier on the constraint that v(z,w) < max, vy(z,w'), and o(z, ) plays the
role of Lagrange multiplier on the constraint that A(z, ) = min,g A(2',0). A natural guess is
that in the continuum limit, this approximate duality is exact, so that a saddle point would
satisfy complementary slackness'®:

m(wlz) > 0 = w € argmax_, y(z,w’), (15)

o(z,0) > 0= x € argmin,, \(z',0). (16)

There is no formal result in this literature that establishes complementary slackness as either
a necessary or sufficient condition for a saddle point. However, complementary slackness
does hold for the saddle points that have been constructed, and it has proven valuable as a

heuristic for engineering saddle points, as we now illustrate.

3.5 Example: A Common Value Auction

We now describe the common value auction problem of Brooks and Du (2021b). A single
unit of a good is for sale, for which the common value is # € © < R. The possible outcomes

are Q= {0,1,..., N} X {~tmazs tmaz} ", and for w = (¢, 71,...,7x) and 6, the utilities are

wi(0,w) = 0Lie, — 75, w(l,w) = > 7.

9Here is another way to think about complementary slackness. Suppose L(o,m) =
§, 20 v(@ w)ym(wlz)de = 3, § ANx,0)0(x,0)dz. Consider a zero-sum game where player 1 chooses o (such
that margg o = p1) to minimize L(o, m), while player 2 chooses m to maximize L(o, m) (cf. the minmax and
maxmin problems in (9) and (10)). Then complementary slackness in the sense of (15) and (16) is equivalent
to (o, m) being a Nash equilibrium.
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Thus, if ¢ € {1,2,..., N}, the good is sold to agent ¢, and otherwise the good is not sold,
and 7; is agent i’s transfer to the designer. The designer only cares about revenue.

While 7; can only take on two values, randomizing over these values induces an expected
payment that we interpret as a continuous transfer. Indeed, given a lottery over w, let g;
be the probability that ¢ is allocated the good and t; is agent i’s expected payment. Then
agent i’s expected utility is f¢; — t;, and the designer’s expected revenue is ), t;. Hence, we
may model the outcome in reduced form as ¢ € A({0,1,...,N}) and t € [~tmazs tmaz]™ - In
the following analysis, summation over ¢ means for i € {1,2,..., N}, e.g., g0 =1—>, ¢i. We
will eventually consider t,,,, to be relatively large, so that the constraint on the size of the

transfer will not bind.20

3.5.1 Potential-minimizing information structure

To compute the min potential, we solve for the information structure of the form (RY, o)

that minimizes the expected highest IVO. Plugging in functional forms, we have

Y(z, (q,1)) = ZZ (tio(x,0) — Vio(x,0)(0g; — t:)) -

This expression is linear in ¢;, so the optimum is to set t; to be ¢4, (respectively, —t,4.) if
the coefficient of ¢; in y(z, (¢, 1)) is positive (respectively, negative). Thus, the constraint on

the size of the transfers would not bind only if the coefficient of t; is exactly zero, that is,

D (o(x,0) + Vio(z,0)) = 0 (17)

0

for all 7 and z € Rﬂ\r/ . We will analyze solutions that satisfy (17), and then subsequently

verify via weak duality that they minimize the potential when t,,,, is sufficiently large.

20Brooks and Du (2021b) formally consider the case where the transfer is unbounded. This is not subsumed
within our model with finitely many outcomes. Brooks and Du (2024) derive analogues of the bounding
programs when transfers are free variables.
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Let p(z) = ), 0(z, 0) denote the marginal on signals, and rewrite (17) as p(z) + V;p(z) =
0. The unique solution to this differential equation is p(z) = p(0,z_;)e~", and by iterating
across agents, we conclude p(z) = p(z) = e >*, where Xz = >, ;. In other words, the
signals must be iid standard exponential.

Next, let v(x) be the expected value conditional on the signal profile z, i.e.,

%, b0 (w,0)

plx)

v(r) =
Then, taking p = p, transfers drop out of the IVO, and the remaining terms are

Y, (g, 1)) = ZZV o(x,0)0g = ZV = p() Y (v(x) = Viv(@))g;,

i 7

where we used the fact that V,;p(x) = —p(z). Since the inverse hazard rate of a standard
exponential distribution is one, this is exactly the Myersonian formula for the virtual value,
as generalized to interdependent values by Bulow and Klemperer (1996).

Clearly, y(z, (¢,t)) is maximized by concentrating ¢ on agents with the maximal virtual
value v(z) — V,v(z), if the max is non-negative, and otherwise the seller keeps the good.
This suggests that to minimize ﬁ(Rf ,0), virtual values should be equalized across i. That
is the case if the interim value function only depends on Xz (so that V,v(z) is independent
of 7). Brooks and Du (2021b) provide a general solution of this form.

For the rest of the example, we focus on the special case where © = {0, 1}, in which case
v(x) can also be interpreted as the interim probability that the value is equal to 1. Brooks
and Du (2021b) show that the solution has the form v(z) = min{e** ¥ 1}, for a constant
7y > 0 that is chosen so that the ex ante probability of the low value matches the prior. When
Yx <7, the IVO is exactly zero, so that the seller is also indifferent to keeping the good.

As a sum of iid exponentials, the random variable y = ¥z follows an Erlang distribution,
whose density and cumulative distribution are respectively gy (y) and Gy (y). Thus, in order

for for the law of iterated expectations to hold, it must be that the expectation of v(x) is
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equal to p(1), that is, 7 solves S;O:o exp(y — 9)gn(y)dy = p(1). Since the virtual value is 0

below 7 and 1 above 7, the resulting expected highest IVO is simply 1 — G (7).

3.5.2 Guarantee-maximizing mechanism

To compute the max guarantee, we solve for a mechanism of the form (RY, ¢, ) that maxi-
mizes the expected lowest strategic virtual objective, where ¢ : RY — A({0,1,..., N}) and

t: Rf — [~timaw; tmaz ] are the expected allocation and transfer rules. The SVO is:

N0, 2) = Y (ti(w) + 0Viqi(x) — Viti(x)).

%

We can guess the correct solution using complementary slackness (16): If a pair (x,0) is in
the support of the potential minimizer, then x minimizes the SVO at state 6. Given our
candidate potential minimizer, we then conjecture that every x minimizes the SVO when
6 = 1, and any z with Xz < 7 minimizes the SVO when 6 = 0.

Pursuing this conjecture, let suppose there are constants Lo and L such that L; = A\(1, z)
for all x, Ly = A(0, z) when Yz <7, and L(0, ) = Ly when Xz > 3. This helps us pin down

the functional form of the allocation, since the divergence of ¢ must satisfy

Vq(z) =) Vigi(z) = M1, z) — A0, z)

We can also use complementary slackness in the other direction, condition (15): When

Yx > 7, keeping the good does not maximize the IVO of the potential minimizer, and so

>.:¢i(x) = 1. A solution to this PDE is

Z;

q;(z) =

max{¥z, 7y}

31



Thus, if Yz < 7, agent ¢’s allocation is z;/g. We can therefore interpret the action x; as (up
to a linear rescaling of units) a demand for a quantity of the good. If the demands exceed

the supply, then the good is rationed proportionally. The resulting divergence is

(x) = V-q(Xz) = (18)

(N -1)/2x if Yz > 7.

V -

=y

In fact, in the case of N = 2, if we want V - ¢(x) to be a function of Xz, then one can show
that the above ¢ is the unique solution.

Given the proportional form for the allocation, it is natural to conjecture that the transfer
function should be proportional as well: for some total transfer function 7': R, — R,

X

:Zx

ti(z) T(Xx)

Brooks and Du (2021b) call a mechanism M = (RY,q, %) of this form a proportional auction.
Using the proportional form, we can simplify the SVO, and use the condition that
A(1,x) = L; to pin down the functional form for T

N -1
x

2 (ti(x) = Viti(x) = T(x) —

7

T(Xzx) —T'(X2z) = L, — V -q(XZz).

The boundary condition 7'(0) = 0 is given by participation security. The solution to this

differential equation is

2 o(V-q(2) = Li)gn(2)dz
gn(y)

T(y) =

Y

where gy (y) =y~ 1e™¥ /(N —1)!, the density of the Erlang distribution, has now reappeared.
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The resulting expected lowest SVO is
N
Z,u mm)\ (0,2) = 1(0)Lo + p(1)Ly = Ly — pog.

To maximize the lower bound, L; should be as large as possible. But if L; > g;’"zov
q(y)gn(y)dy, then because lim, .o gn(y) = 0, we would have lim, ,,, T'(y) = —oco. This
would preclude the existence of any equilibrium, since the agents would race to bid an ever
larger x;, to extract money from the seller. Thus, the optimal value is to set L; exactly equal
0 SZO:o V-q(y)gn(y)dy, in which case the aggregate transfer 7' will be bounded. Moreover, as
long as tq, = sup, T'(y), the mechanism we have constructed is feasible, and the constraint
on the size of the transfers does not bind.
With these optimal parameters, and using the functional form of gy and the definition

of 77, one can compute the expected lowest SVO:2!

V- 2w)gx )y — u(0) GN@%H—GN_@)—u(m

y=0

=1-Gn(@E) (19

S
8
t@llz

<=

Thus, the expected lowest SVO of this proportional auction is exactly the expected highest
IVO of the information structure we constructed previously. This proves that P* = G* =
1 — Gn(y) and that (M, ) is a saddle point.

This is a good moment to remind the reader that while we used the complementary
slackness heuristic to guess the functional form of the saddle point, the ultimate proof that
this pair is a saddle point does not rely on complementary slackness; rather, it follows from
the fact that the expected lowest SVO of M is equal to the expected highest IVO of 1.

Brooks and Du (2021b) show that, remarkably, the game (M,I) has an equilibrium
in which each agent’s action is equal to their signal. In other words, M is a revenue-

maximizing direct revelation mechanism on I. and [ is a revenue-minimizing BCE (i.e., a
b b

21Specifically, the integral evaluates to % S§=0 gn(y)dy + S;:§ gn_1(y)dy = %GNH@) +1—-Gn@). In
addition, it is straightforward to show that p(1) = S;O:O min{e¥ Y, 1}gn(y)dy = 1 — Gn41(Y).
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direct recommendation information structure) on M. Brooks and Du (2021b) refer to this
phenomenon as a double revelation principle. The same property holds for the saddle point
in the bilateral trade example we discuss next. Why this property should arise, and whether
it is in fact a “principle” that holds more broadly, remains a mystery.

Brooks and Du (2021b) also show the striking fact that as N — oo, the optimal guarantee
in (19) converges to the expected common value z(1) at the convergence rate of O(1/v'N);
this result also holds for any prior distribution p of common values and strengthens an earlier
result of Du (2018). Thus, the optimal guarantee converges to full surplus as the market gets
large, regardless of how information and equilibrium changes as we add more agents to the
market. Such an asymptotic full surplus extraction is not attained by a standard auction
like the first price auction, as shown by Engelbrecht-Wiggans, Milgrom, and Weber (1983)
and Bergemann, Brooks, and Morris (2017, 2019).

3.6 Example: bilateral trading

Our second example is a derived from the public goods problem in Brooks and Du (2023)
(see also Brooks and Du, 2024, Section 4). There are two agents: agent 1 is a seller with a
unit of a good; agent 2 is a potential buyer. The seller’s value is equally likely to be 0 and
h, and the buyer’s value is g > 0 more than the seller’s. Thus, the state 6 is the ordered pair
of seller and buyer values, and is equally likely to be (0, g) and (h, h + g).

The set of outcomes is Q = {0,1} X {—tmaz, tmaz}, With a typical element (¢, 7). The
first coordinate indicates whether or not trade takes place, and the second coordinate is
the net transfer from the buyer to the seller. As in the common value auction, we look at
the case where t,,,, is large. The seller maximizes net surplus from the sale 7 — 6y¢, the
buyer maximizes net surplus from purchase —7 + 65, and the designer maximizes expected
gains from trade (6, — 6;) = 1g. Once again, denoting the probability of trade by ¢ and
the expected transfer by ¢, we can rewrite the preferences of seller, buyer, and designer in

reduced form as t — 6,q, —t + 65q, and q(6, — 01) = qg respectively.
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We assume h > g to rule out a trivial case in which it is always possible to implement
efficient trade: If h < g, then any price lower than g and higher than A would be acceptable

to both the buyer and the seller, regardless of their private information.

3.6.1 Potential-minimizing information structure

Once again, we compute the min potential by solving for the information structure (Rf ,0)

that minimizes the expected highest IVO, which in this case is

vz, (g, 1)) = Z (990 (2,0) — Vio(z,0)(t — qbh) — Vao(z,0)(—t + gb2)) .

As with the auction, we may conjecture that when t,,,, is large, the coefficient of ¢ in

v(z, (q,t)) must be zero. This is equivalent to the PDE

D (=Vio(x,0) + Vao(z,0)) = 0,

i.e., the marginal over x is a function of z; + xo, which we now denote as p(z; + x2).
Now let v(z) = o(x, (h,h + g))/p(x1 + x2) be the interim probability of the high state
conditional on the signal. Substituting this back into the IVO and supposing that p and v

are differentiable, we have

(@, (g, 1) = (gp(z1 + 22) + Vi(p(x1 + 22)v(2))h = Va(p(21 + 22)1 (7)) (h + 9)
— Va(p(x1 + 22)(1 = v(2)))g)q — Vap(a1 + 22)9)q

= (gp(z1 + 2) + p(z1 + 22)(Viv(z) — Vav(z))h — p'(z1 + 22)9)q.

Numerical simulations suggest that the optimal interim value function is of the form 7(x) =
xo/(x1 + x2). That is, conditional on the signal sum x; + x5, a higher signal z; for the seller
is a bad news about the value, while a higher signal x5 for the buyer is a good news. Either

way, a higher x; is associated with agent ¢ being more willing to trade at given terms. With
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this functional form, the IVO is once again a function of just x; + x4:

(s 000 = (alolan-+.20) = /o)) = A2 )

The numerical simulations also suggest that, as in the common value auction, to minimize

max,; v(z, (¢,t)), we should pick p so that the resulting IVO is zero:

p(z1 + T3)
1+ X2

glp(xy + x2) — pl(x1 + 22)) — h = 0.

The solution is of the form p(y) = Ae¥y "9 for some constant A > 0. However, unlike the
information structure in the common value auction, we have lim, ., p(y) # 0, so we must
truncate this density at a finite upper bound. Moreover, if h/g = 2, p is not integrable
around zero. Thus, we will consider sequences of information structures whose supports

approach zero, with distributions of the form

Aevy=M9  ife<y<T;

0 otherwise,

where 77 will be determined later, € is small, and A is a normalizing constant.

Now, it would seem that the potential of this information structure is zero, since by
construction 7y (z, (¢,t)) = 0. While we do have v(z, (¢,t)) = 0 for all ¢ when x; + x5 < 7, the
density p is discontinuous and does not have a derivative at the boundary z; + x5 = 7. This
example therefore illustrates that one cannot always rely on differentiability to understand
the continuum limit of the discrete IVO.

To work out 7(z,(¢q,t)) when z1 + x5 = 7, we can appeal to a discrete approximation.
When £ is large, the probability mass assigned to each of the boundary signal profiles with

T1+ 29 <Y < 1+ 2o+ 1/k is approximately 5(y)/k?. Recalling that the Lagrange multiplier

36



is k, the IVO at each boundary signal profile is

(p(@)/k* — k(0 —2(m)/k?)) g4,

which is maximized with ¢ = 1. In addition, when ¢ is small, the number of boundary signal
profiles is approximately ky. Plugging in the normalizing constant in p, we conclude that

the expected highest IVO is approximately

ge'y "y
= . (20)
y—ey — €)evy=hady
If h/g < 1/2, then as € — 0, this expression converges to
Y;1—h/g

We can further determine g by minimizing (21), although the correct value for 7 also follows
from our subsequent analysis of the guarantee maximizer and complementary slackness.

By contrast, if h/g > 2, then the expected highest IVO (20) converges to zero. Thus,
when € is small, there is practically no trade in any equilibrium of any budget-balanced
mechanism, even though there is a common knowledge of gains from trade.

For comparison, consider Akerlof (1970)’s lemons information structure, where the seller
knows the state and the buyer has no information. In that model, trade always takes place
in the low state, but it will not take place in the high state if the expected buyer value
less than the seller’s high value, i.e., (h + g)/2 + g/2 < h. But this is the same condition
h/g > 1/2 under which the min potential is zero. Thus, efficient trade can be much harder

to achieve than suggested by the lemons model.
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3.6.2 Guarantee-maximizing mechanism

When h/g > 2, the min potential is zero, which every mechanism trivially guarantees. For
h/g < 2, it takes more work to construct a guarantee maximizer. Again, we will maximize
the expected lowest SVO across mechanisms of the form (R2,q,t), where ¢ : RY — [0, 1]

and ¢ : R2 — [—tnae, tmaz| are differentiable. The associated SVO is:

A0, x) = q(x)g + Vit(x) — 6, Viq(z) — Vat(x) + 05V aq(x).

To motivate the form of the guarantee maximizer, we can again appeal to complementary
slackness. Recall that v(x) was interior and p was strictly positive at almost all z for which
21 + 22 < Y (where the boundary 7 is still to be determined). Hence, by condition (16), it
should be that for every 6, z minimizes the SVO if and only if z; + x5 < ¥, i.e., there are
constants Ly such that A\(6,x) = Ly when z1 + 2o <7, and \(0,2) = Ly when x; + 23 > 7.
Moreover, since y(z, (¢,t)) is uniquely maximized by ¢ = 1 when x; + x5 = 7, by condition
(15), it should be that g(z) = 1 when zy + 2o = 7.

Numerical solutions of program (10) suggest a trade probability of the form ¢(x) =

q(z1 + x3), where ¢ is increasing and ¢(0) = 0, and a transfer rule

() = alor +a2) (3 (0= ) =2 ).

X1+ Xo

A mechanism of this form is participation secure: with x; = 0 the seller can guarantee that
any trade occurs at a high price of h, and with x5 = 0 the buyer can guarantee that any trade
occurs at a low price of g. Brooks and Du (2023) refer to this as a proportional-price trading
mechanism. In such a mechanism, agents face a natural trade-off: higher z; is associated

with higher probability of trade but on worse terms for agent i.
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Substituting these functional forms into the SVO, we get

/\(‘9, 1’) = g(q(l’l + :L-2) + q/(flfl + x2)) . (h - iiq—f_l';;f‘ .’13‘2) .

Thus, A(6,x) is actually independent of 8, so we can simplify notation and define a single
constant L > 0 so that A(6,z) = L for all § and z; + 5 < §. Subject to the boundary

condition ¢(0) = 0, this gives us a first-order ODE for ¢:

slatw) + () - L= g,

The solution is of the form

() = Levy oo f D)y,
g z=0

Now, to satisfy complementary slackness, the allocation also has to hit 1 at 7 (which we can
always achieve by scaling L up or down). Above that threshold, we will set ¢ = 1, so that
¢ = 0, and hence the SVO changes to g — %. For aggregate actions above 7 to not induce
a strictly lower SVO, it is necessary that ¢ — (h — g)/y = L. But just below the boundary,
the SVO is exactly L, and ¢(y) ~ 1 and ¢'(y) = 0. Thus, it must be that ¢'(y) - 0 asy — 7,
so that in fact L = g — (h — ) /7.

The equation ¢(y) = 1 implicitly defines 7 as the solution to
h—g 7

1 = 9~ 7‘6*?@@*9)/9 Jy ez (h=9)9, (22)
g z=0

With the value of i pinned down, we have also completed the specification of the signal
distribution, the allocation rule, and the transfer rule according to the formulae given above.

We denote the resulting information structure by I, and the resulting mechanism by M.

39



Rearranging (22), the expected lowest SVO of M is

Szzo e?z—(h—9)/ady’

L:

which is the same expression as (21) for the limit expected highest IVO of I, as ¢ — 0. Hence,
the expected lowest SVO and the limit expected lowest IVO coincide, so that again P* = G*,

and we have constructed a guarantee maximizer and approximate potential minimizers.

3.7 On the Choice of Units

In these two examples, we solved for guarantee maximizers, which we deduced must have
very particular functional forms. Now, suppose we take a guarantee maximizer M and use
it to define a new mechanism M’ where each agent takes an action a; € R, , and for some
strictly increasing continuous functions f; : R, — R, , the outcome is that of M under the
action profile (fi(a1), fa(as),. .., fn(ax)). This is clearly a superficial change of units, and
so M’ also maximizes the guarantee. Then why did the theory seem to select M?

The answer goes all the way back to dual reductions. When we reduced a mechanism,
some of the Lagrange multipliers on obedience constraints were given to us, but we chose
the multiplier on the “null” constraint—deviating from an action to itself—so that multi-
pliers would sum to the same constant, regardless of the equilibrium action. And we used
this constant as a Lagrange multiplier in certifying that the dual reduction had a higher
guarantee. This normalization was carried through the analysis of the bounding programs,
and even as we took the multiplier to infinity, where the labels for actions and the multiplier
were balanced just so that in the continuum limit, the multiplier on the differential form of
the SVO had a Lagrange multiplier of one.

This may seem strange that we fixed the multipliers and then optimized the mechanism.
Should not the optimal multipliers depend on the mechanism? Certainly that is true if we are

considering the multipliers that pin down the guarantee for an arbitrary mechanism. But we
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only need the multipliers to be optimal for the guarantee maximizer, and the theorem shows
that there is a guarantee maximizer for which these normalized multipliers are optimal.
We could of course have chosen a different normalization of local obedience multipliers,
and that would have selected different guarantee maximizers with a different choice of units.
The same is true of the potential minimizer. While the unitary multipliers have selected
appealing functional forms in these examples, it may be that in other applications a different

normalization will lead to more intuitive or natural solutions.

3.8 The Literature

We conclude this section with a brief discussion of the literature. The potential of an infor-
mation structure is simply the value of the standard Bayesian mechanism design problem, for
which a seminal work is Myerson (1981) on optimal auctions with private values. Bergemann,
Brooks, and Morris (2017) computed the revenue guarantee of the first-price auction in a
setting with interdependent values. For auctions with pure common values, Du (2018) con-
structed mechanisms that extract approximately all of the surplus as the number of agents
goes to infinity. The argument uses a version of the lower bounding program G (X (k?)). Sub-
sequently, Bergemann, Brooks, and Morris (2016) used both bounding programs to construct
a saddle point for the common value auction with two agents and binary values. Brooks and
Du (2021b) solved the general problem with many agents and any value distribution.
Brooks and Du (2024) generalized the bounding programs to other mechanism design
problems, and proved that there is no duality gap for a class of auction problems. Brooks
and Du (2025) used dual reduction to provide a foundation for the bounding programs.??
Brooks, Du, and Feffer (2025) solve for revenue-guarantee-maximizing auctions when
each agent’s expected value is known, but the joint distribution of values and the information
structure are unknown. Brooks, Du, and Zhang (2024b) construct binary action mechanisms

for selling a large number of goods to a large number of agents. These mechanisms extract

22Myerson (1981) previously introduced a related but distinct notion of dual reduction for complete infor-
mation games. See Brooks and Du (2025) for a detailed discussion.
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all of the surplus as the number of agents grows large. Brooks and Du (2023) constructed
saddle points for a public expenditure problem, which in the case of two agents is equivalent

to the bilateral trade problem described above.

4 Other Approaches to Robust Mechanism Design

We now shift gears and relate guarantee maximization to the rest of the literature on robust
mechanism design. For recent surveys of this literature, see Bergemann and Morris (2012)
and Carroll (2019). Our discussion focuses on those lines of research that are closest to the

subject of this article.

4.1 Beliefs and Higher-Order Beliefs

To frame the discussion, it is helpful to articulate a benchmark against which we may seek
greater “robustness.” The standard approach to Bayesian mechanism design is to take
a single information structure as an exact description of the environment. Moreover, we
typically suppose that agents play the equilibrium that the designer most prefers. The
known information structure, favorable equilibrium selection, as well as the assumption that
the designer can implement a rich set of mechanisms, together imply the revelation principle:
the designer can without loss restrict attention to mechanisms in which each agent’s action is
a report of their private information, and in equilibrium, agents report truthfully (Myerson,
1981, 1986). By and large, it is also typically assumed that the information structure satisfies
the common prior assumption.

This model has been critiqued on various grounds. First and foremost, the standard
model assumes a great deal of common knowledge among the agents and the designer, about
both the information structure and what equilibrium is being played. With respect to the
information structure, mechanism design is often conducted in highly stylized models, such

as the knife-edge case of independent private values, which we have no reason to think are
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correct descriptions of information in the real world. The common knowledge assumption
seems especially controversial with regard to agents’ higher-order beliefs about one another’s
information. A classic reference for this critique is Wilson (1987), who argued that mecha-
nisms should be “detail free.”

One way to sidestep the problems arising from misspecification of higher-order beliefs,
either on the part of the designer or the agents, is to use mechanisms that have equilibria in
dominant strategies when values are private (i.e., each agent knows their ex post preferences)
or in ex post equilibrium when there is interdependence. Dominant strategy and ex post
implementation have been widely adopted in response to the Wilson critique.

A long line of research has explored foundations for dominant strategy and ex post im-
plementation. Dasgupta, Hammond, and Maskin (1979) argued that dominant strategy
implementation is equivalent to implementation regardless of agents’ higher-order beliefs
in private value environments. More recently, Bergemann and Morris (2005) studied foun-
dations for ex post equilibrium. They distinguished between agents’ payoff types, which
parametrize all agents’ and the designer’s ex post preferences, and belief types that deter-
mine higher-order beliefs but are payoff irrelevant. They give a “separability” condition on
preferences of the agents and the social choice correspondence under which the correspon-
dence can be implemented for all belief types if and only if it can be implemented ex post
with respect to the payoff types. Bergemann and Morris (2005) also give examples where
separability fails and social choice correspondence is implementable, but not with ex post
incentives. Jehiel et al. (2006) and subsequent papers have argued that, generically, the only
social choice correspondences that can be implemented ex post are those that are constant.

Ex post implementation does not rely on common knowledge of higher-order beliefs,
but it does depend on common knowledge of the payoff types and how they parametrize
preferences. In the case of Dasgupta, Hammond, and Maskin (1979), these payoff types
are the possible ex post preferences of the agents. In Bergemann and Morris (2005), the

relationship between the payoff types and ex post preferences may be more complex.
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In a somewhat different take, Chung and Ely (2007) studied auctions with correlated
private values, where the seller’s belief is fixed. The seller evaluates a given mechanism
by the worst-case across all information structures in which agents know their values, and
where the agents play the seller-preferred equilibrium. For “regular” value distributions,
Chung and Ely construct an information structure in which the seller can do no better than
the best dominant strategy mechanism.?® In their terminology, this provides a “maxmin
foundation” for dominant strategy mechanisms. Yamashita and Zhu (2018) and Chen and
Li (2018) extended Chung and Ely’s result to settings with interdependent values and to
other mechanism design problems. These papers also give examples where regularity fails,
and the designer can uniformly improve on the best dominant strategy mechanism. There
are also examples where the designer can do strictly better if the agents’ beliefs satisfy the
common prior assumption.

Like Chung and Ely (2007), guarantee maximization presumes the designer has expected
utility preferences over states and outcomes, and participation constraints also play a central
role in the theory. But in contrast to the literature on ex post implementation, guarantee
maximization assumes the common prior and does not assume that the designer can select
their preferred equilibrium. We will comment further on equilibrium selection below. But
regarding the common prior, whether this is a feature or a bug of the theory depends on
one’s view of the strength of forces in the world towards common knowledge, and whether
the particular non-common prior beliefs that are the worst-case are themselves plausible.

Most importantly, guarantee maximization does not make any primitive assumptions
about the structure of the agents’ private information. In particular, it is possible that
agents know nothing at all about the state of the world, including their own preferences,

except for the prior distribution. Hence, there is no private information or payoff types

23The substantive implication of Chung and Ely’s 2007 regularity assumption is that the only binding
constraints at the optimal dominant strategy mechanism are local downward incentive compatibility and
interim participation for the lowest value.
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with respect to which the designer could provide incentives ex post. While this makes the

designer’s problem harder, it also makes the guarantee more robust.

4.2 Equilibrium Selection and Strong Nash Implementation

As we have said, the dominant paradigm in Bayesian mechanism design is to select the
equilibrium that is most preferred by the designer. Without this assumption, the revelation
principle would not apply, and we would have to grapple with optimization over indirect
mechanisms and their equilibria, a decidedly daunting analytical task.

In contrast, the literature on mechanism design under complete information has pre-
dominantly asked for desirable outcomes in all equilibria (Maskin, 1999). This is so-called
strong (or full) implementation, to be contrasted with weak (or partial) implementation in
which the designer picks the equilibrium. Strong implementation has also been studied in
a Bayesian setting by Serrano and Vohra (2010) and others. The mechanisms that achieve
strong implementation often feature devices such as integer games for “killing off” unde-
sirable equilibria. Relatedly, Abreu and Matsushima (1992b) study virtual implementation
in mechanisms that have a unique strategy profile that survives iterated deletion of strictly
dominated strategies. Their mechanisms divide the outcome into a series of small probabil-
ity events, eliciting separate reports for each event in the sequence, and targeting a (small)
punishment at the agent who is the “first” to disagree with the others’ reports.

Guarantee maximization embraces elements of both traditions. In the potential, we
consider the best equilibrium for the designer, but in the guarantee, we consider the worst
equilibrium. Thus, when the min potential is equal to the max guarantee, we know that the
designer achieves the same payoff regardless of whether they can select the equilibrium, and
in particular, the mechanisms that maximize the expected lowest strategic virtual objective

achieve the max guarantee in all equilibria. Moreover, this guarantee is achieved without
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resorting to integer games (or modulo games with restrictions on strategies) or with the
targeted punishments and fine probabilistic structure of Abreu-Matsushima mechanisms.?*
Is equilibrium multiplicity a practical concern or a theoretical nuisance? In the second-
price auction with private values, each agent has a unique weakly undominated strategy in
which they bid their value (Vickrey, 1961). But there are also “bidding ring” equilibria in
which one agent makes a very high bid, and the others essentially refuse to participate. By
contrast, for independent private values, the payoff-equivalent equilibrium of the first-price
auction is essentially unique (Lizzeri and Persico, 2000). Rothkopf, Teisberg, and Kahn
(1990) have argued that the bidding ring equilibria are a realistic method of collusion in
repeated auctions, wherein the agents take turns as the high bidder, and that as a result,
second-price auctions are more vulnerable to collusion than first-price auctions. At the same
time, the designer could always perturb the second-price auction by adding a noisy hidden
reserve price, so that bidding one’s value becomes strictly dominant. Moreover, this can
be done with arbitrarily small probability, and at negligible cost to the seller. Would such
perturbations actually deter collusive behavior? The answer no doubt depends on how large
is the perturbation and how sensitive the bidders are to small changes in their payoffs.
While we are not aware of general results along these lines, it may be that for many
mechanism design problems, the optimal payoff to the designer does not depend on what we
assume about equilibrium selection, at least under the idealized and standard assumption
that agents are sensitive to arbitrarily small changes in their payoffs, because a mechanism
that weakly implements the desired outcome can always be perturbed at negligible cost in a
manner that eliminates undesirable equilibria. At the same time, there may be more than
one way of selecting favorable equilibria. In a similar spirit, there may be mechanisms that
maximize the guarantee even though they do not maximize the expected lowest strategic

virtual objective, e.g., by effectively asking the agents to report the information structure.

24Glazer and Rosenthal (1992) argue that due to the complex structure of Abreu-Matsushima mechanisms,
real human agents would not play them in a manner consistent with the theory. See Abreu and Matsushima
(1992a) for a response. Kapon, Del Carpio, and Chassang (2024) view a variant of the Abreu-Matsushima
targeted punishments as a practical tool for mechanism design in large populations.
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Which class of solutions are preferred may come down to factors outside of the model, such
as how sensitive we think real agents would be to the particular incentives provided by the
mechanism. With regard to mechanisms that maximize the expected lowest strategic virtual
objective, their performance is entirely driven by common priors and the hypothesis that
agents will play local best responses. In that sense, the optimal guarantee does not rely on

the full force of equilibrium.

4.3 Robustness to Fundamentals

In defining the guarantee in Section 2, we fixed the marginal distribution over the payoft-
relevant state 6, so that the “robustness” in the guarantee is only with respect to the agents’
information and equilibrium, and not with respect to fundamentals. There is a large body
of work that instead emphasizes robustness with respect to fundamentals, and maintains
classical assumptions on information and equilibrium selection. For example, Carroll (2017),
Che and Zhong (2021), and Deb and Roesler (2023) study multidimensional screening, as-
suming that the agent knows their private values but with uncertainty in the correlation in
values across dimensions. In multi-agent settings, He and Li (2022) analyzes guarantees of
second-price auctions with (possibly random) reserve prices where agents know only their
own values but the joint distribution of values is unknown to the designer. Similar exercises
are conducted by Che (2020) for a class of “competitive” auctions and by Zhang (2022) for
maximizing fees in bilateral trade.

These papers analyze either single agent problems with general mechanisms, or multi-
agent problems with private values and dominant strategy mechanisms. In either case,
higher-order beliefs are irrelevant to the analysis. Guarantee maximization can be applied
in single-agent models, and a promising avenue is to apply the theory to multi-product
monopoly. But in our view, the results are most powerful in multi-agent Bayesian mechanism

design, where higher-order beliefs play an essential role.
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There is also a voluminous literature on algorithmic mechanism design in which the design
criterion is the minimum ratio between a mechanism’s performance and a given benchmark.
As far as we are aware, the vast majority of work in this literature fixes a form for infor-
mation (e.g., private values in auctions) and then considers robustness with respect to the
distribution of fundamentals. See Nisan et al. (2007) for a textbook treatment.

Of course, one could ask for robustness with respect to both fundamentals and informa-
tion. Brooks (2013) conducts such an analysis of private value auctions where only certain
moments of the value distribution are known. Within the framework described in this arti-
cle, it is straightforward to incorporate Knightian uncertainty about payoff-relevant states.
Indeed, Brooks and Du (2021b, 2024) discuss how the performance of a guarantee maximizer
would vary with the prior, and prove that there is a lower bound on the mechanism’s guar-
antee that is linear in the true prior. Also, as discussed in Brooks and Du (2024, 2023), the
results on guarantees in bilateral trade that we reviewed in Section 3 remain valid even if
the designer only knows a lower bound on the gains from trade. Similarly, Brooks, Du, and
Feffer (2025) consider optimal revenue guarantees in auctions when the designer only knows
the expectation of each agent’s value.

For mechanism design to be useful as a normative theory, the parameters of the model
must be quantities that we could reasonably expect a practitioner to be able to specify,
either through empirics or introspection. The worst-case criterion can be a useful modeling
device for “solving out” those parameters that a practitioner is unable to quantify but on
which the theory depends. For that reason, it may be advantageous to take as the primitive
a set of priors that reflect the designer’s best understanding of the environment, while also
allowing for Knightian uncertainty about those aspects of fundamentals of which the designer

is uninformed.
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5 A Case Against the Worst Case

The theory exposited in this article is one in which a designer plays their own devil’s advocate:
For each possible mechanism, the designer thoroughly explores its potential vulnerabilities
and deficiencies. The hope is that such critical analysis will lead to a more robust solution
to the problem of mechanism design. After having considered the potential benefits of this
approach, it seems only fitting that we should similarly turn a critical eye on the theory
itself, and assess the ways in which guarantee maximization may fail to achieve our stated
goals. At the very least, we should identify those areas in which the theory requires further

development.

5.1 The Worst-Case is not the Relevant Case

Perhaps the most obvious critique of this theory is that evaluating a mechanism by its
the worst-case outcome is too extreme, and the worst case may not be the one that is
practically relevant. For example, suppose that the guarantee is maximized by a mechanism
that achieves a payoff of 1 in all information structures and equilibria. Another mechanism
could achieve a payoff of 2, except at a single information structure and equilibrium, in
which it achieves a payoff of 0. Guarantee maximization selects the first mechanism, but
the second mechanism might be preferred, if the bad information structure/equilibrium is a
poor reflection of the environments in which the mechanism is expected to operate.

We do not take guarantee maximization literally as the preferences of the mechanism
designer, and we do not think that a mechanism is good just because it maximizes the
guarantee. Rather, it is a heuristic that we hope will guide us to novel and efficacious
solutions. And we have to look at the particular mechanisms that arise from the theory, and
assess whether the incentive structures driving their performance would be effective with
actual human beings as the agents, and not just their theoretical idealizations. We should

also look at those worst-case environments that the mechanisms are implicitly guarding
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against; if those environments seem plausible, then that is a further argument that the
guarantee-maximizer is a prudent design.

For example, proportional auctions distribute the allocation across agents in such a man-
ner that both the transfer and the net sensitivity of payoffs to actions is independent of
which agent is taking which action. This is a sensible feature if we are worried that in-
formation might facilitate coordination on who is taking which action in a way that could
lower revenue, such as by loading the allocation on the agent with the most optimistic sig-
nal, thereby generating a strong winner’s curse that depresses willingness to pay (as can
happen in a first-price auction). Moreover, proportional auctions are rationalized by the
potential-minimizing information structure in which the agents have independent signals,
and the value is an increasing function of the average signal. This model is stylized, but not
in a manner that seems to do any more violence to reality than other information structures
that are widely used in the literature for their balance of realism and tractability.

But suppose it turns out that the potential-minimizing information structure is one that
seems unrealistic. One way to proceed would be to restrict the set of information struc-
tures to exclude the potential minimizer and any other information structures that share its
objectionable properties. For example, in common value auctions, the potential-minimizing
information structure can have the feature that the join of the agents’ information perfectly
reveals the value. Perhaps we think it is implausible that by pooling their information, the
agents would always know the value ezactly. Brooks, Du, and Haberman (2024a) suggest
that in this situation, we could put an “upper bound” on the agents’ information. They
develop a general methodology of such bounds and use it to compute robust predictions for
revenue in auctions and for the computation of guarantee-maximizing mechanisms.

Alternatively, it could be that in the worst-case, the agents have too little information.
This is especially relevant for problems in which there are no participation constraints, such as
taxation or voting. Without participation constraints, the min potential is trivial: the worst

case is that the agents have no information, and the designer can do no better implement
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the ex ante optimal outcome. But it seems reasonable that the designer may wish to rule
out this degenerate case, and only consider information structures in which the agents have
a non-negligible amount of information.

Even with participation constraints, we may wish to put lower bounds on agents’ in-
formation. We began this article with a paean of praise for the independent private value
model of Vickrey (1961) and Myerson (1981), where agents are assumed to know their val-
ues, and we suggested that it can be thought of as a worst case of sorts. As we have seen,
potential minimizers in optimal auctions will have independent signals, but they generally
do not exhibit private values. One view is that private values is a technically convenient
but unnatural assumption, and we should develop alternative theories of optimal auctions
that do not rely on private values. However, one could also argue that agents know more
about themselves than they do about others, and private values express this idea in its most
extreme form.

In fact, Bergemann and Morris (2016) incorporate lower bounds on the agents’ informa-
tion in their formulation of BCE: There is a fixed baseline information structure, and the
agents are assumed to observe their baseline signals, but they may observe more. The theory
of optimal guarantees with lower bounds on information is still being developed. However,
preliminary steps have been taken by Brooks and Du (2025), who generalize dual reductions
to the case where there is such a baseline information structure. They show that it is without
loss to consider mechanisms and information structures in which actions or signals are se-
quences of baseline signals, and the binding equilibrium constraints correspond to deviating
to a sequence that is one entry longer (in the case of mechanisms and guarantees) or one
entry shorter (in the case of information and potentials).

In optimal auctions, Brooks and Du (2025) show that when values are independent (an
assumption on the prior p), the independent private value model does indeed minimize the
potential among all private value information structures (where again, agents know their

own values but may know more). However, if the values are correlated, then the information
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structure in which the agents only learn their value does not minimize the potential, and
other information structures will lead to lower revenue in all mechanisms and equilibria. A
similar point has been recently made by Pusztai and Rahman (2025). These results provide
an informational robustness foundation for the independent private value model of Vickrey
(1961) and Myerson (1981).

One could of course combine lower bounds and upper bounds, and this possibility is also
explored in Brooks, Du, and Haberman (2024a), by placing bounds on how much informa-
tion an agent might have about the state and others’ types, beyond their base type, where
information is quantified with a divergence. This effectively allows us to explore the pos-
sible equilibrium outcomes in a “ball” around the baseline type space, where we still allow
arbitrary forms of correlation in actions that do not affect the beliefs of the agents (or of
subsets of agents). This is dual to the approach taken in Hansen and Sargent (2001) and
Maccheroni, Marinacci, and Rustichini (2006), where the designer penalizes models by how

far they are from a given benchmark, e.g., in terms of relative entropy.

5.2 Participation Security is Too Strong

It is clear that participation constraints play a central role in the theory. But there are dif-
ferent approaches one can take to modeling participation. In this article, we have described
two: participation security of mechanisms and interim individual rationality for informa-
tion structures and equilibria. Participation security implies interim IR in any information
structure and equilibrium, but the converse is not true.

For the examples given above with zero duality gap, the difference in how we model
participation is immaterial: because the min potential is equal to the max guarantee, the
designer could not achieve a higher guarantee even if they could pick their preferred equilib-
rium subject to interim IR. However, this is not always the case. The following example is
from Brooks and Du (2023, 2024): A public good can be produced at a cost of one dollar.

There are two agents who may fund it. The good generates the same value 6 to each agent,
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which is either 0 or 3/4, with likelihoods € and 1 — € respectively. In this setting, if an agent
takes a secure action, their contribution must be zero. As a result, if only one agent’s action
is not secure, they must cover the whole cost of the public good. Any participation-secure
mechanism therefore has an equilibrium in which both agents take the secure action and the
good is not produced. However, for any information structure, there is an incentive compat-
ible and individually rational direct mechanism where the good is produced if and only if
the interim expectation of 6 (conditional on both agents’ signals) is at least 1/2, with each
agent paying half the cost. When € goes to zero, the surplus generated by this mechanism
converges to the efficient surplus of 3/2—1 = 1/2, uniformly across information structures.?

Thus, participation security is in general more demanding than the requirement that for
every information structure there exists an equilibrium with non-negative interim utility.
Further advances in settings like this public good example may depend on finding tractable

and conceptually appealing ways of relaxing participation security.

5.3 Randomization

Even if we have a saddle point in which the worst-case information and equilibrium are
plausible, we still must ask, could the guarantee-maximizing mechanism actually be imple-
mented? In our baseline model, there are finitely many outcomes, and conditional on the
action profile, the mechanism produces a lottery over those outcomes. Both proportional
auctions and proportional-price trading mechanisms generate lotteries that respond smoothly
to the agents’ actions. This structure is not entirely surprising. Guarantee maximizers tend
to equalize the strategic virtual objective across action profiles, and doing so requires interior
solutions (similarly to how maxmin mixed strategies in zero-sum games may use random-
ization to equalize an opponent’s payoffs across their actions). One may be skeptical of a

designer’s ability to commit to such randomization, especially with such carefully calibrated

25The worst-case information structure for this mechanism would be one for which the interim expected
value has two point support, and where the lower value approaches 1/2 from below (so that the probability
that agents will not fund the good is maximized). The probability placed on interim values below 1/2 must
go to zero as € — 0.
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probabilities. However, if the goods being allocated are divisible, e.g., bushels of wheat or
shares of common stock, then we can reinterpret the lottery as allocating a portion of the
good to each agent, which seems easier to implement in practice.

One might ask, in addition to randomization within the mechanism, could the designer
achieve an even higher guarantee randomizing over the mechanism itself??® This seems to
have been ruled out by assumption in Section 2. However, randomization over mechanisms
is always equivalent to randomization within the mechanism: Instead a lottery over mech-
anisms, the designer could put probability one on the lottery’s strategic normal form, in
which each agent’s pure behavioral strategies specify an action for each outcome of the lot-
tery. A similar comment applies to information: A lottery over information structures is
equivalent to a single information structure, with different common knowledge components
corresponding to different outcomes of the lottery.

If randomization within a mechanism is seen as problematic, then one way to proceed is to
limit the domain of mechanisms over which the guarantee is maximized. This is the approach
taken by Bergemann, Brooks, and Morris (2019), who optimized revenue guarantees across
all “standard” auctions, a class that includes first-price, second-price, and all-pay auctions,
as well as convex combinations of these rules. They find that the first-price auction has
the highest guarantee of any such mechanism. Dovetailing with our earlier discussion of
restricted information, Bergemann, Brooks, and Morris (2019) also consider a restricted
guarantee where the information must be a symmetric affiliated values environment and the
agents play the monotone pure strategy equilibrium of Milgrom and Weber (1982). The
guarantee of the first-price auction is unchanged (since its worst-case is in this class), but
now the second-price auction’s guarantee is the same as that of the first-price auction. The
potential minimizer is not regular and in fact non-local equilibrium constraints bind. An

interesting direction for future research is to explore the relationship between randomization

26This would be analogous to how randomization over contracts can produce strictly higher guarantees
than with deterministic contracts (Kambhampati, 2023).
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and other patterns of binding equilibrium constraints, which correspond to different notions

of the strategic virtual objective.

5.4 Simplicity and Portability?

We motivated guarantee maximization with the twin desires for simplicity and portability.
The former arose out of a belief that if a mechanism is too complicated, then equilibrium
becomes less compelling, and we are not confident that the theoretical incentives will be
effective in shaping the behavior of real human beings. We argued that the search for
the worst-case information would lead us to an ordered structure on signals that reflects
the most potent form of information to amplify the threat of manipulation and objection.
Such structure is also reflected in the guarantee-maximizing mechanisms, and the theoretical
argument underlying the optimal guarantee only relies on the fact that agents’ play local
best responses. Moreover, when a saddle point exists, guarantee maximizers will always be
as or more effective in achieving the designer’s goals as they are in the potential minimizers
that rationalize them as optimal. In that sense, guarantee-maximizing mechanisms exhibit
a strong form of portability across environments.

One can push back against these claims. The local structure of equilibrium constraints
is an aspect of simplicity, but it is not every kind of simplicity that we might care about.
It also matters whether the functional form of the mechanism is easy to interpret and ex-
plain to users. In the solved examples, the functional forms seem relatively simple and low
dimensional, but this need not always be the case. Regarding portability, we have already
remarked that the guarantee is a rather extreme notion. What really matters is portabil-
ity across environments that are empirically relevant, and even then, portability should be
traded off against optimality in environments that are regarded as more likely to arise.

Perhaps a more serious issue is that we have failed to articulate precisely when and
why incentive structures that are effective in theory may not be effective in practice. We

have appealed to complexity as a central issue. But complexity is an aspect of not just the
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mechanism but also the information and equilibrium. Even if the mechanism is simple, we
should still be concerned that agents may not arrive at common knowledge or best responses
if other aspects of the environment are too complex, and this could ultimately undermine
the validity of the guarantee. It is true that because guarantee maximizers only rely on local
equilibrium constraints, the forces that drive the guarantee should be robust to agents who
can only discover locally optimal actions. In that sense, the guarantee does not rely on the
full force of equilibrium. Still, it seems we have avoided a central issue, which is exactly
what kinds of complexity will make it hard for agents to learn how to play a mechanism well
and converge to equilibrium.?”

Guarantee maximization is a workaround for not having been able to properly define or
quantify simplicity or portability, so that these desiderata could be directly incorporated
into the design problem. Echoing one of our earlier sentiments, the best hope for this theory
is that in spite of not having fully described what we are after, it may lead us there anyway,
and we will it when we see it. At the very least, we hope that the approach will generate
novel ideas for how to structure incentives. It may be, though, that the ultimate progress
of mechanism design depends on more directly addressing the issue of how agents reason

through a mechanism and converge to strategies, so that we may design institutions with

greater regard for the realities and peculiarities of human strategic behavior.
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